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The One-Round Voronoi Game Replayed

Sándor P. Fekete � Henk Meijer †

Abstract

We consider the one-roundVoronoi game, where the
first player (“White”, called “Wilma”) places a set of
n points in a rectangular area Q of aspect ratio ρ �
1, followed by the second player (“Black”, called
“Barney”), who places the same number of points.
Each player wins the fraction of Q closest to one
of his points, and the goal is to win more than half
of the total area. This problem has been studied by
Cheong et al. who showed that for large enough n
and ρ � 1, Barney has a strategy that guarantees a
fraction of 1�2�α, for some small fixed α.

We resolve a number of open problems raised by
that paper. In particular, we give a precise character-
ization of the outcome of the game for optimal play:
We show that Barney has a winning strategy for
n� 3 and ρ�

�
2�n, and for n � 2 and ρ�

�
3�2.

Wilma wins in all remaining cases, i.e., for n � 3
and ρ � �

2�n, for n � 2 and ρ � �
3�2, and for

n � 1. We also discuss complexity aspects of the
game on more general boards, by proving that for a
polygon with holes, it is NP-hard to maximize the
area Barney can win against a given set of points by
Wilma.

Keywords:
Voronoi diagram, Voronoi game, Competitive fa-

cility location, NP-hardness.

1 Introduction

When determining success or failure of an enter-
prise, location is one of the most important issues.
Probably the most natural way to determine the
value of a possible position for a facility is the dis-
tance to potential customer sites. Various geometric
scenarios have been considered; see the extensive
list of references in the paper by Fekete, Mitchell,
and Weinbrecht [6] for an overview.

�Abt. für Mathematische Optimierung, TU Braunschweig, D-
38106 Braunschweig, Germany, s.fekete@tu-bs.de.

†Dept. of Computer Science, Queen’s University, Kingston,
Ont K7L 3N6, Canada, henk@cs.queensu.ca. Partially sup-
ported by NSERC. This work was done while visiting TU Braun-
schweig.

One particularly important issue in location the-
ory is the study of strategies for competing players.
See the surveys by Tobin, Friesz, and Miller [8], by
Eiselt and Laporte [4], and by Eiselt, Laporte, and
Thisse [5].

A simple geometric model for the value of a posi-
tion is used in the Voronoi game, which was pro-
posed by Ahn et al. [1] for the one-dimensional
scenario and extended by Cheong et al. [2] to the
two- and higher-dimensional case. In this game, a
site s “owns” the part of the playing arena that is
closer to s than to any other site. Both considered a
two-player version with a finite arena Q. The play-
ers, White (“Wilma”) and Black (“Barney”), place
points in Q; Wilma plays first. No point that has
been occupied can be changed or reused by either
player. Let W be the set of points that were played
by the end of the game by Wilma, while B is the
set of points played by Barney. At the end of the
game, a Voronoi diagram of W �B is constructed;
each player wins the total area of all cells belonging
to points in his or her set. The player with the larger
total area wins.

Ahn et al. [1] showed that for a one-dimensional
arena, i.e., a line segment �0�2n�, Barney can win
the n-round game, in which each player places a
single point in each turn; however, Wilma can keep
Barney’s winning margin arbitrarily small. This dif-
fers from the one-round game, in which both players
get a single turn with n points each: Here, Wilma
can force a win by playing the odd integer points
�1�3� � � � �2n�1�; again, the losing player can make
the margin as small as he wishes. The used strategy
focuses on “key points”. The question raised in the
end of that paper is whether a similar notion can be
extended to the two-dimensional scenario. We will
see in Section 3 that in a certain sense, this is indeed
the case.

Cheong et al. [2] showed that the two- or higher-
dimensional scenario differs significantly: For suffi-
ciently large n � n0 and ρ � 1, the second player
has a winning strategy that guarantees at least a
fixed fraction of 1�2� α of the total area. Their
proof used a clever combination of probabilistic ar-
guments to show that Barney will do well by playing
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a random point. The paper gives rise to some inter-
esting open questions:

� How large does n0 have to be to guarantee a
winning strategy for Barney? Wilma wins for
n� 1, but it is not clear whether there is a single
n0 for which the game changes from Wilma to
Barney, or whether there are multiple changing
points.

� Barney wins for sufficiently “fat” arenas, while
Wilma wins for the degenerate case of a line.
How exactly does the outcome of the game de-
pend on the aspect ratio of the playing board?

� What happens if the number of points played
by Wilma and Barney are not identical?

� What configurations of white points limit the
possible gain of black points? As candidates,
square or hexagonal grids were named.

� What happens for the multiple-round version
of the game?

� What happens for asymmetric playing boards?

For rectangular boards and arbitrary values of n,
we will show when Barney can win the game. If the
board Q has aspect ratio ρ with ρ� 1, we prove the
following:

� Barney has a winning strategy for n � 3 and
ρ�

�
2�n, and for n� 2 and ρ�

�
3�2. Wilma

wins in all remaining cases, i.e., for n� 3 and
ρ � �

2�n, for n � 2 and ρ � �
3�2, and for

n � 1.

� If Wilma does not play her points on an orthog-
onal grid, then Barney wins the game.

In addition, we hint at the difficulties of more
complex playing boards by showing the following:

� If Q is a polygon with holes, and Wilma has
made her move, it is NP-hard to find a posi-
tion of black points that maximizes the area
that Barney wins.

This result is also related to recent work by
Dehne, Klein, and Seidel [3] of a different type:
They studied the problem of placing a single black
point within the convex hull of a set of white points,
such that the resulting black Voronoi cell in the
unbounded Euclidean plane is maximized. They
showed that there is a unique local maximum.

The rest of this paper is organized as follows. Af-
ter some technical preliminaries in Section 2, Sec-
tion 3 shows that Barney always wins if Wilma does

not place her points on a regular orthogonal grid.
This is used in Section 4 to establish our results on
the critical aspect ratios. Section 5 presents some
results on the computational complexity of playing
optimally in a more complex board. Some conclud-
ing thoughts are presented in Section 6.

For this 4-page abstract, all proofs have been
omitted; a full version of the paper [7] is available
electronically.

2 Preliminaries

In the following, Q is the playing board. Q is a rect-
angle of aspect ratio ρ, which is the ratio of the
length of the smaller side divided by the length of
the longer side. Unless noted otherwise (in some
parts of Section 5), both players play n points; W
denotes the n points played by Wilma, while B is
the set of n points played by Barney. All distances
are measured according to the Euclidean norm. For
a set of points P, we denote by V �P� the (Euclidean)
Voronoi diagram of P. We call a Voronoi diagram
V �P� a regular grid if

� all Voronoi cells are rectangular, congruent and
have the same orientation;

� each point p	P lies in the center of its Voronoi
cell.

If e is a Voronoi edge, C�e� denotes a Voronoi cell
adjacent to e. If p 	 P, then C�p� denotes the
Voronoi cell of p in V �P�. ∂C�p� is the boundary
of C�p� and 
C�p�
 denotes the area of C�p�. 
e
 de-
notes the length of an edge e. Let x p and yp denote
the x- and y-coordinates of a point p.

3 A Reduction to Grids

As a first important step, we reduce the possible con-
figurations that Wilma may play without losing the
game. The following holds for boards of any shape:

Lemma 1 If V �W � contains a cell that is not point
symmetric, then Barney wins.

The following theorem is based on this observa-
tion and will be used as a key tool for simplifying
our discussion in Section 4.

Theorem 2 If the board is a rectangle and if V �W �
is not a regular grid, then Barney wins.
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4 Critical Aspect Ratios

In this section we prove the main result of this paper:
if n� 3 and ρ�

�
2�n, or n� 2 and ρ�

�
3�2, then

Barney wins. In all other cases, Wilma wins. The
proof proceeds by a series of lemmas. We start by
noting the following easy observation.

Lemma 3 Barney wins, if and only if he can place
a point p that steals an area strictly larger than

Q
�2n from W.

Next we take care of the case n � 2; this lemma
will also be useful for larger n, as it allows further
reduction of the possible arrangements Wilma can
choose without losing.

Lemma 4 If n � 2 and ρ �
�

3�2, then Barney
wins. If the aspect ratio is smaller, Barney loses.

The gain for Barney is small if ρ is close to
�

3�2.
Computer experiments have been used to compute
the gain for Barney for values of ρ �

�
3�2. Not

surprisingly, the largest gain was found for ρ� 1. If
the board has size 1 by 1, Barney can gain an area of
approximately 0.2548 with his first point, by placing
it at (0.66825,0.616). as illustrated in Figure 1(a).

Lemma 5 Suppose that the board is rectangular
and that n � 4. If Wilma places her point on a regu-
lar 2�2 grid, Barney can gain 50�78% of the board.

The value in the above lemma is not tight. For
example, if Wilma places her point in a 2 by 2
grid on a square board, we can compute the area
that Barney can gain with his first point. If Bar-
ney places it at (0.5,0.296), he gains approximately
0.136. For an illustration, see Figure 1(b). By plac-
ing his remaining three points at �0�25�4ε�3�0�25�,
�0�25�4ε�3�0�75�, and �0�75�4ε�3�0�75� Barney
can gain a total area of size of around 0�511� ε for
arbitrary small positive ε. For non-square boards,
we have found larger wins for Black. This suggests
that Barney can always gain more than 51% of the
board if Wilma places her four points in a 2 by 2
grid.

The above discussion has an important implica-
tion:

Corollary 6 If n � 3, then Wilma can only win by
placing her points in a 1�n grid.

This sets the stage for the final lemma:

Lemma 7 Let n� 3. Barney can win if ρ�
�

2�n;
otherwise, he loses.

Computational experiments have confirmed that
Barney wins the largest area with his first point if he
places it at �0��4r�2

�
r2 �6��3�.

Theorem 8 If n � 3 and ρ �
�

2�n, or n � 2 and
ρ �

�
3�2, then Barney wins. In all other cases,

Wilma wins.

5 A Complexity Result

The previous section resolves most of the questions
for the one-round Voronoi game on a rectangular
board. Clearly, there are various other questions
related to more complex boards; this is one of the
questions raised in [2]. Lemma 1 still applies if
Wilma’s concern is only to avoid a loss. More-
over, it is clear that all of Wilma’s Voronoi cells
must have the same area. For many boards, both
of these conditions may be impossible to fulfill. It
is therefore natural to modify the game by shifting
the critical margin that decides a win or a loss. We
show in the following that it is NP-hard to decide
whether Barney can beat a given margin for a poly-
gon with holes, and all of Wilma’s stones have al-
ready been placed. (In a non-convex polygon, pos-
sibly with holes, we measure distances according to
the geodesic Euclidean metric, i.e., along a shortest
path within the polygon.)

Theorem 9 For a polygon with holes, it is NP-hard
to maximize the area Barney can claim, even if all
of Wilma’s points have been placed.

6 Conclusion

We have resolved a number of open problems deal-
ing with the one-roundVoronoi game. There are still
several issues that remain open. What can be said
about achieving a fixed margin of win in all of the
cases where Barney can win? We believe that our
above techniques can be used to resolve this issue.
As we can already quantify this margin if Wilma
plays a grid, what is still needed is a refined version
of Lemma 1 and Theorem 2 that guarantees a fixed
margin as a function of the amount that Wilma devi-
ates from a grid. Eventually, the guaranteed margin
should be a function of the aspect ratio. Along sim-
ilar lines, we believe that it is possible to resolve
the question stated by [2] on the scenario where the
number of points played is not equal.

Probably the most tantalizing problems deal with
the multiple-round game. Given that finding an op-
timal set of points for a single player is NP-hard,
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Figure 1: Barney has gained more than a quarter (a) more than an eighth (b) of the playing surface.

it is natural to conjecture that the two-player, mul-
tiple round game is PSPACE-hard. Clearly, there
is some similarity to the game of Go on an n� n
board, which is known to be PSPACE-hard [9] and
even EXPTIME-complete [10] for certain rules.

However, some of this difficulty results from the
possibility of capturing stones. It is conceivable that
at least for relative simple (i.e., rectangular) boards,
there are less involved winning strategies. Our re-
sults from Section 4 show that for the cases where
Wilma has a winning strategy, Barney cannot pre-
vent this by any probabilistic or greedy approach:
Unless he blocks one of Wilma’s key points by plac-
ing a stone there himself (which has probability zero
for random strategies, and will not happen for sim-
ple greedy strategies), she can simply play those
points like in the one-round game and claim a win.
Thus, analyzing these key points may indeed be the
key to understanding the game.
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Computing the Detour of Polygons

Ansgar Gr�une Rolf Klein Elmar Langetepe

Abstract

Let P be a simple polygon in R2 with n vertices. The detour of P between two points,
x; y 2 P , is the length of a shortest path contained in P and connecting x to y, divided by the
distance of these points. The detour of the whole polygon is the maximum detour between
any two points in P . We �rst analyze properties of pairs of points with maximum detour.
Next, we use these properties to achieve a deterministic O(n2)-algorithm for computing the
maximumEuclidean detour and a deterministic O(n log n)-algorithm which calculates a (1+")-
approximation. Finally, we consider the special case of monotone rectilinear polygons. Their
L1-detour can be computed in time O(n).

1 Introduction

Let P be a connected set in Rd. For any two points x; y 2 P let dP (x; y) denote the in�mum of
the lengths of all curves which are contained in P and connect x to y. The length of the curves is
measured using a given norm k:k. The detour ÆP (x; y) between x and y in P with respect to k:k
and the detour Æ(P ) of P are de�ned as

ÆP (x; y) :=
dP (x; y)

ky � xk
; Æ(P ) := sup

x;y2P;x6=y

ÆP (x; y):

Narasimhan and Smid [8] examined the problem of computing a value similar to Æ(G) for a
given Euclidean graph G. They restricted the maximum to pairs of vertices. Thus, their problem
is slightly di�erent (but not necessarily easier). The maximum of all points was �rst considered by
Ebbers-Baumann et al. [3]. They presented anO(n logn) approximation algorithm for n-link chains
in E2. Later, Agarwal et al. [1] gave a randomized O(n log3 n) and a deterministic O(n log4 n) exact
algorithm. Simultaneously, Langerman, Morin and Soss [6] constructed an O(n log n) randomized
algorithm for solving the same problem.

In this abstract we present algorithms computing the detour of a simple polygon P � R2 where
P denotes the union of the interior and the boundary. We �rst analyze some general properties of
detour maxima, then we develop an algorithm for the Euclidean metric, and �nally, we present a
faster algorithm for the L1-detour of monotone rectilinear polygons.

2 Properties of Maxima

Ebbers-Baumann et al. [3] showed for the Euclidean norm that every polygonal chain C in R2

has a co-visible1 detour maximum (p; q), i.e. ÆC(p; q) = Æ(C). The proof can easily be extended to
polygons with detour Æ(P ) > 1 and arbitrary norms.2

Lemma 1 Let P � R2 be a simple polygon with Æ(P ) > 1 where the detour is measured with
respect to an arbitrary norm k:k. Then, there always exists a detour maximum (p; q) 2 P � P

which is co-visible in PC 3.

1In this setting, (p; q) is co-visible i� pq \ C = fp; qg.
2Note that for Euclidean distances Æ(P ) = 1 i� P is convex.
3PC = R2 n P ; (p; q) is co-visible in PC i� pq \ P = fp; qg.
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p = p0 p1 p2 p3 p4 p5 p6 q = p7

dP (p; q)P

Figure 1: Boundary intersection points of pq

Proof. Let (p; q) be a detour maximum. Due to Æ(p; q) = Æ(P ) > 1, (p; q) cannot be co-visible in P .
If (p; q) is co-visible in PC, the proof is done. Otherwise, let p0 := p, pn := q and let p1; : : : ; pn�1
be the boundary intersection points of pq apart from p; q (see Fig. 1), i.e. pi 2 pq \ @P n fp; qg and
pi touches pq \ PC.

If the points pi are ordered by their distance to p, we get kpqk =
Pn�1

i=0 kpipi+1k. Additionally
applying the triangle inequality of dP (:; :) yields:

ÆP (p; q) =
dP (p; q)

jpqj

�-inequ.

�

Pn�1
i=0 dP (pi; pi+1)
Pn�1

i=0 kpipi+1k
(1)

� max
0�i�n�1

dP (pi; pi+1)

kpipi+1k
= max

0�i�n�1
ÆP (pi; pi+1)

The maximum on the right hand side is attained by a pair of points being co-visible in PC. �

For the Euclidean norm one can even show that every detour maximum of any non-convex
polygon must be co-visible in PC. For the L1-norm we will give an stricter statement in section 4.

3 Euclidean Detour of Simple Polygons

In this section, we introduce an algorithm which computes the exact Euclidean detour of a given
polygon P with n vertices. Lemma 1 already allows us to restrict the search for detour maxima to
the boundary of P . The following lemma further reduces the number of candidates.

Lemma 2 Any simple polygon P � R2 has a detour maximum (p; q) which is a vertex-boundary
cut, i.e. at least one of the points p, q is a vertex and the other one lies on the boundary @P .

Lemma 2 suggests the following strategy: For every vertex p of P and every edge e of the
boundary compute the local maximum maxq2e ÆP (p; q) and return the maximum of these values.
However, this does not lead directly to a quadratic upper time bound because the local maximum
cannot be found in constant time.

a

b

c

Fp;e

e

p

P

Figure 2: Shortest path tree SPT(p), funnel Fp;e and its regions

To �nd a local maximum we consider the funnel Fp;e of p and e (see Fig. 2) �rst examined by
Lee and Preparata [7]. Let a and b be the vertices incident to e, then Fp;e is the polygon bounded
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by e and the shortest paths �(a; c) and �(b; c), where c is the �rst common vertex of �(a; p) and
�(b; p). This vertex c is called the cusp of the funnel, and both paths �(a; c) and �(a; b) are outward
convex (see [5]).

For every point q 2 e the shortest path �(q; p) can be divided into �(q; c) and �(c; p), the �rst
one completely contained within Fp;e. We associate with q the �rst vertex of Fp;e hit by �(q; p).
Thus, if k is the number of vertices of Fp;e, the edge e will be divided into k regions R1; : : : ; Rk

including the degenerate cases R1 := fag and Rk := fbg (see Fig. 2). For each such region a local
maximum can be computed in O(1) if Fp;e and j�(p; c)j are known.

Hence, a local maximum of any point p and any edge e can be computed in O(k) where k is the
number of vertices (or edges) of Fp;e. The funnel Fp;e can easily be computed from the shortest path
tree SPT(p) in O(k) time by looking for the �rst common vertex of �(a; p) and �(b; p). Because
every edge of the shortest path tree SPT(p) (see Fig. 2) can be at most on the boundary of two
funnels and SPT(p) has n� 1 edges, we get the value maxq2@P ÆP (p; q) in time O(n) if SPT(p) is
known.

Guibas et al. [5] have shown how to construct SPT(p) in linear time in any triangulated simple
polygon. Since we can use Chazelle's [2] well-known algorithm to triangulate P in linear time, our
idea leads to an algorithm computing maxq2@P ÆP (p; q) in O(n). Thus, applying Lemma 2 yields
a way to get the detour of P in O(n2).

Theorem 3 Let P � R2 be a simple polygon with n vertices. Its maximum Euclidean detour
value Æ(P ) and a pair of points (p; q) attaining the maximum can be computed in time O(n2).

However, this result might not be best possible. One can transfer the approximation algorithm
of Ebbers-Baumann et al. [3] to the setting of simple polygons achieving a (1 + ")-approximation
in O(n log n). This hints that there could be a sub-quadratic solution. The complete proofs of the
previous results can be found in [4].

4 L
1-Detour of Monotone Rectilinear Polygons

Within the simpler setting of monotone rectilinear4 polygons, we can compute the L1-detour in
linear time. The main reason is a stricter statement about detour maxima proven similarly to
Lemma 1:

Lemma 4 Let P � R2 be a simple rectilinear polygon and let (p; q) 2 P � P be a L1-detour
maximum. If R(p; q) denotes the bounding rectangle5 of p and q, its intersection with P must be
empty apart from p and q, i.e. R(p; q) \ P = fp; qg.

It follows immediately that any L1-detour maximum (p; q) must either be a pair of vertices
or an axis-parallel pair of boundary points. In both cases, (p; q) must be co-visible in PC. If P
is x-monotone6 (y-monotone), further arguments yield that every maximum must be a horizontal
(vertical) vertex-boundary cut.

W.l.o.g. let P be x-monotone. We describe an algorithm examining all upper maximum
candidates, i.e. horizontal vertex-boundary cuts of the upper boundary which are co-visible in PC.
The lower boundary can be treated in the same way.

The algorithm starts at the left-most vertex of the upper boundary and proceeds to the right
(see Fig. 3). While moving on the boundary chain, a stack holds every previously visited left
vertical segment s (i.e. s is vertical and P lies to the left of s) for which there has not been found
any opposite right segment, yet. If the current boundary point is moving upward a vertical (right)
edge, the algorithm pops the corresponding left segments and examines a horizontal pair each time
it pops a vertex of a left segment or �nds a vertex on the current right segment.

4A polygon is rectilinear i� every edge is either horizontal or vertical.
5R(p; q) := fr 2 R2jmin(px; qx) � rx � max(px; qx) ^min(py; qy) � ry � max(py; qy)g.
6P is x-monotone i� its intersection with any vertical line is connected.
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found candidates

point

segments on stack

current boundary

Figure 3: Some states of the algorithm for monotone rectilinear polygons

When the algorithm has found a maximum candidate (p; q), it has to calculate its detour.
Let �(p; q) be a rectilinear shortest path connecting p and q within P . The y-length ly(�(p; q))
is the summed up length of all vertical segments of �(p; q). The x-length lx(�(p; q)) is de�ned

analogously. Obviously, dL
1

P (p; q) = lx(�(p; q)) + ly(�(p; q)) where lx(�(p; q)) = jpx � qxj due to P

being x-monotone. Thus, for computing ÆL
1

P (p; q) we just need the coordinates of p and q and the
value ly(�(p; q)). The additional path information for calculating ly(�(p; q)) can also be stored on
the stack without increasing the linear time bound of the algorithm. Further details are omitted
in this abstract.

Theorem 5 Let P � R2 be an x-monotone (or y-monotone) rectilinear polygon with n vertices.

An L1-detour maximum (p; q) and its value ÆL
1

P (p; q) = ÆL
1

(P ) can be computed in time O(n).

5 Open Questions

One main questions remains open: Is there a sub-quadratic algorithm computing exactly the
Euclidean detour of any simple polygon or is there a quadratic lower bound? The same problem
is not solved for the presumably easier setting of simple rectilinear polygons and the L1-norm.
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More results about spanners in the l1-metric.∗

J. Cáceres†, C. I. Grima, A. Márquez‡and A. Moreno-González§

Abstract

In this work we study more questions about spanners in the l1-metric. Concretely, we
will see that adding some Steiner points to a set of sites the metrically complete graph of
the new set has a linear number of edges. We will also characterize the free dilation trees.
Finally, inspired in the work for the l1-metric, we will study points in general position for
other metrics, the λ-metrics.

1 Introduction.

There are many applications in geometric network design in which it would be interesting to find
graphs with few edges that approximate shortest paths between all pair of vertices. Since in many
problems, as the design of VLSI circuits, the metric that reflexes the actual distance between
the vertices is the l1-metric, in previous works [2, 3] we presented some results about the first
questions that arise in the study of these graphs. Given a set of sites S in the plane, the dilation of
a subgraph of the complete geometric graph is the largest ratio between the length of the shortest
path from a pair of points of S to the distance of those points in the plane. In this way, we have
presented the next results:

• It is possible to construct graphs approximating the complete Euclidean graph closely in
the l1-metric. Moreover, we found graphs that are not the complete graph but they have
dilation 1 (dilation free graphs). More precisely, given a set of sites S in the plane, we call
the metrically complete graph of S (denoted M(S)) to the minimal dilation free graph.

• The metrically complete graph is strictly smaller than the complete graph in the l1-metric;
in fact, if K(S) denotes the complete geometric graph on S, then |K(S)−M(S)| ∈ O(N3/2).

• There exists a characterization of the set of sites with a planar metrically complete graph.
Also, we have found some necessary conditions for a planar graph in order to be isomorphic
to a metrically complete graph.

In this work we present some additional results that continue those two mentioned works.
Firstly, given a set of sites S in the plane we try to reduce the size of M(S) and we will see that
adding some Steiner points to S the metrically complete graph of the new set of sites has a linear
number of edges. Secondly, we try to find which trees have dilation 1 in the l1-metric, obtaining a
characterization for these graphs. Finally, we try to generalize some of our first results for other
metrics, the λ-metrics. In fact, we will see that the metrically complete graph of a set of sites is
smaller than the complete Euclidean graph for those metrics.

∗Partially supported by MCyT project BFM2001-2474
†Departamento de Matemática Aplicada y Estad́ıstica. Universidad de Almeŕıa. E-mail: jcaceres@ual.es
‡Departamento de Matemática Aplicada I. Universidad de Sevilla. E-mail: {grima,almar}@us.es
§Departamento de Matemáticas. Universidad de Huelva. E-mail: maria.moreno@dmat.uhu.es
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2 It is possible to reduce the size of a metrically complete
graph.

As we have said above, given a set of sites S in the plane, |K(S) − M(S)| ∈ O(N3/2) in the
l1-metric, but, in general, M(S) has a quadratic number of edges. Thus, the first question we
consider is to reduce the size of M(S) adding some new points to S. In order to find these points
we only have to make a partition of the initial set of sites that leads to a kd-tree [1], (see Figure 1).
Then, we add one Steiner point in the intersections of the lines used to make the partition. Then,
we can prove the next result.
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Figure 1: A partition of a set of sites.

Theorem 1 Given a set of n sites S in the plane, there exists a linear number of Steiner points
St verifying that |M(S ∪ St)| ∈ O(n).

3 Free dilation trees.

As we have said in the Introduction, the second question we try to solve is to find which are the
trees with dilation 1. In the Euclidean metric the answer to this question is very simple: we can
only construct a free dilation tree when the sites are in a straight line. In the l1-metric, some new
cases appear.

Theorem 2 If T is a free dilation tree, then T is isomorphic to one of the trees in Figure 2.

4 Points in general position for a λ-metric.

Given a λ-metric, a ball centered in x and radio r is a regular polygon of λ edges verifying that
the Euclidean distance between x and the vertices of the polygon is r.

Observe that for any value of λ there exist infinite regular polygons centered in x, so a λ-metric
is not only characterized by the number of edges, but also by their orientation. However, it is only
necessary to solve the question for one of them.

One of the 4-metrics is the l1-metric, so it is natural to consider the question of constructing
free dilation graphs for other values of λ. In fact, we will see that the metrically complete graph
of a set of points has less edges that the complete graph in a λ-metric. In order to solve this result
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(a) (b)

(c) (d)

Figure 2: Free dilation trees in the l1-metric.

we will prove that for every λ, there exists a number n(λ) verifying that any set of points with
more than n(λ) points in general position for the Euclidean metric, is not in general position in the
λ-metric. We consider that a set of points is in general position if there are not three consecutive
points in a straight line.

Then, the first question we must solve is to find the minimum arc between two points. Then,
let u1, u2 be two points in the plane and for each point ui we consider a neighbor Ei. These
neighbors make a partition of the plane in sectors centered in the initial points. If we call Sij the
sector centered in ui that contains uj , the minimum arcs between ui and uj are all the arcs not
decreasing parallel to the border of Sij

⋂
Sji, [7, 5], (see Figure 3).

u

v

Figure 3: Two minimum arcs between ui and uj in a 6-metric.

Lemma 1 Given a λ-metric, there exist, at most, λ points in convex position in general position.

Now, in 1935 Erdös y Szekeres [4] proved that for every natural number n there exists an integer
g(n) verifying that for every set with more than g(n) points, there are n in convex position. Then,
we can prove the next result.
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Theorem 3 For any value of λ there exists n(λ) verifying that every set of points with, at least,
n(λ) points is not in general position.

Now, our objective is to find bounds for n(λ). It is obvious that

λ + 1 ≤ n(λ) ≤ g(λ + 1),

and it is known [6] that

g(n) ≤
(

2n− 5
n− 2

)
+ 2

However, this bound does not seem to be tight because for n = 4 we obtain 12 as upperbound
and we know that n(4) = 5. In fact, for small values of λ, it is easy to prove that n(λ) = λ + 1.
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ABSTRACT 

In this paper we present an effective kinetic data structure 
and algorithm for efficient maintenance of convex hull of 
moving points in 2d space. Given n points continuously 
moving in the plane we give an efficient algorithm for 
maintaining their convex hull. Our algorithm partitions the 
original points into several groups, each group’s points 
forming a convex polygon and the polygons are nested. 

1- INTRODUCTION 

The problem of convex hull has been exhaustively studied in 
computational geometry [1, 2, 3, 6], but almost in the context 
of static objects with operations like insertion and deletion. 
Our emphasis is on maintenance of convex hull under 
continuous motions of the given objects. Our algorithm takes 
advantage of concurrency and neighbourhood in motions to 
achieve a minimal number of combinatorial events. From this 
point of view our data structure is similar to the dynamic 
computational geometry framework introduced by Atallah 
[7], which studies the number of combinatorially distinct 
configurations of convex hull resulting from continuous 
motion of objects. Our data structure does not need to know 
the full motion of the objects in the beginning.  

Bash, Guibas, and Hershberger in [8] introduced a useful 
technique for maintaining convex hull and closest pair of 
moving points in the plane called kinetic. Kinetic solutions 
are based on occurrence of events. Each event corresponds to 
changes in combination of a constant number of points such 
as reversing the sign of angle ABC, or crossing the point A 
with line segment BC. They called these changes 
‘certificates’. Events are collected and scheduled in a global 
event queue. In kinetic solutions we try to minimize the 
number of events to reduce process time and space.  

A good kinetic algorithm is local, in other words, each point 
is involved in only polylogarithmically many certificates, and 
occurrence of one event does not affect so many points and 
events. For more information about kinetic solutions and 
parameters refer to [9].  

In [4], [5] the convex hull algorithm is based on upper 
envelopes of duals of points in 2d space and calculates a good 
number of events. Their work is on line segments and 
envelopes, but our algorithm acts directly on points and 

convex hull of them, hence our algorithm uses a sensible and 
direct approach. 

Our algorithm only schedules events for adjacent points in 
the data structure, and hence does not involves too many 
events. 

Each object is assumed to be a point. Thus at any time we 
want to have the convex hull of n points continuously moving 
in a restricted area such as a rectangle. We assume that each 
point has a flight plan that defines the moving direction and 
speed of that point. This direction can only change because of 
a collision between the point and borders of the region. Also 
we assume that points can cross each other without any 
collision.  

2- PRELIMINARIES 

It is obvious that during the time between occurrences of two 
consequent events, the points present in convex hull does not 
change, in other word the convex hull is formed of the same 
points (with changing places) resulting the moving convex 
hull. We do not need to calculate the convex hull all the time. 
We initialize the data structure at the beginning and then only 
at the scheduled times apply the events, possibly changing 
the status of the convex hull.  

In the following, we first, present a simpler version of our 
kinetic data structure and then to improve its locality some 
modifications will be applied. However, the main algorithm 
is the same and can use each version of the data structure. 

3- KINETIC DATA STRUCTURE 

Our kinetic data structure is a set of nested convex hulls 
(NCHs) containing all points of the problem (maybe there 
will be only one or two points in the most inner convex hull, 
that represents respectively a point or a line segment. We 
assume that it also represents a convex hull). The convex 
hulls are kept in a simple data structure such as array of 
linked lists (array of convex hulls) or linked list of linked lists 
(linked list of convex hulls). What is important is the 
sequence of points in each convex hull. We study each 
convex hull in clockwise order and next and prior pointers 
for each point of it. 

It is obvious that having NCHs, the convex hull is always 
available (The convex hull of all points is always the outer 
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convex hull). By occurrence of any event we will update the 
NCHs, possibly changing the place of some points in two 
adjacent convex hulls or just changing the child(s) of a point, 
which would be defined later. 

The manner of creating NCHs from initial points is as 
follows: 

Algorithm createNCHs(pointsArray)      // Returns NCHs   

            Input: pointsArray[1..n]  

                            // Array of coordinates of input points 

            Output: nested convex hull of (fixed) points 

{ 

      S: NCHs; 

      flag: array [1..n] of Boolean; 

      for all points, i, in pointsArray do 

            flag[i]  false; 

      while (there is any unflagged point in pointsArrsy){ 

            obtain the convex hull of all unflagged points of  

                  pointsArray, naming CH; 

            add CH to S; 

            set flags of all points of CH to true; 

            } 

      return S; 

} 

 
Figure 1- Nested Convex Hulls used in our kinetic data 

structure 

 
Figure 2- order of points in each convex hull is clockwise and 

each point has two pointers to next and prior points. 

Note that only once we need to create the NCHs from initial 
points; the other times we change the NCHs  when an event 
occurs. These changes are all local and we do not have a 
global event. 

3-1- List of events 

For each event we should work on the points of NCHs that 
cooperate in that event.  

For each point there are (possibly) internal and external 
convex hulls. A part of NCHs is shown in Figure 3 (convex 
hulls A, B, C...). Lines connecting B3 to C2 and B3 to C6 
indicates the FirstChild and LastChild of B3 that will be 
defined for fully localizing the algorithm. 

These definitions for a point, X, as follows: 

- firstChild: Consider a point, P, on immediate inner layer of 
X (IL(X)) which is not visible from X. Moving clockwise 
from p on IL(X), the first point visible from X is called 
firstChild(X).   

- lastChild: Same as firstChild, the last point visible from X 
is called lastChild(X). 

 
Figure 3- a part of NCHs named alphabetically 

For example for point B3 the points as firstChild and 
lastChild are shown in Figure 3 (C2 and C6). 
Important events that may change the outer convex hull 
include:  moving a point, p, from convex hull i to convex hull 
i+1 or i-1 (goOut(p) and goIn(p)). 
List of possible events for a point such as B3 is as follows: 
1- Reaching the border of the region and reflecting the 
direction of motion. We call this event changeDir(B3) 

2- Moving B3 toward the inner convex hull (C). We call this 
event goIn(B3). 

3- Moving B3 toward the outer convex hull (A). We call this 
event goOut(B3). 
4- Exiting C2 from visibility region of B3 (C3 intersects line 
segment B3C2). We call this event notFirstChild(B3). 

5- Entering C1 into visibility region of B3. We call this event 
beFirstChild(B3). 

6- Exiting C6 from visibility region of B3 (C5 intersects line 
segment B3C6). We call this event notLastChild(B3). 

7- Moving C7 into visibility region of B3. We call this event 
beLastChild(B3). 

The last four events ensures having correct firstChild and 
lastChild for each point at event times. 

At each scheduled event we do necessary modifications to 
NCHs. These changes are all local. For example in case of 
Figure 3, moving B3 toward convex hull C leaves B2 and B4 
in convex hull B as neighbours (deleting B3 form convex hull 
B), also inserts B3 as a point of convex hull C between C2 and 
C6. This results entering C3, C4 and C5 recursively in inner 
convex hulls. This (entrance to inner convex hulls 
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recursively) continues until the node that should enter inside 
has only its two Children as visible points of inner convex 
hull; in this case deleting it from outer convex hull and 
inserting it in the inner convex hull is enough. This operation 
is called goIn. In Figures 4, 5 examples of simple goOut and 
simple goIn are shown. Simple events only change the two 
adjacent convex hulls, and do not change the other internal 
convex hulls, whilst complex events change several nested 
convex hulls recursively. 
All these operations are applied at each event and NCHs are 
updated accordingly. 

 
Figure 4- Simple goOut(p) event and changes made in the 

NCHs 

 
Figure 5- Simple goIn(p) event and changes made in the 

NCHs 
In Table 1 we show the changes needed to do with 
occurrence of each event: 

Event 
name 

Certificate Changes after occurrence 

changeDir 

(B3) 

Crossing B3 with 
the border of the 

region 

A reflected direction of 
B3 with respect to the 
border will be applied 

goIn(B3) 
Crossing B3 with 

line segment B2B4 

B3 will be inserted in the 
inner convex hull that 
may result in goIn(Xi) 

for some X and i 
(X∈layers C, D, …) 

recursively 

goOut 

(B3^. 
firstChild) 

Crossing B3 
^.firstChild  (e.g. 
C2) with the line 

segment 
B3B3^.prior 

B3^.firstChild (e.g. C2) 
will be deleted from 

inner convex hull and 
will be inserted between 

B3 and B3^.prior (e.g. 
B2) that may result in 

goOut(Xi) for some i and 
X (X∈layers C, D, …) 

recursively 

notFirstCh
ild(B3) 

Crossing the point 
B3^.firstChild 
^.next (e.g. C3) 

with line segment 
B3B3^.firstChild 

(e.g. B3C2) 

B3^.firstChild^.next (e.g. 
C3) will become the new 

B3^.firstChild 

beFirstChi
ld(B3) 

Crossing the point 
B3^.firstChild 

^.prior (e.g. C1) 
with extension of 

line segment 
B3B3^.firstChild 

(e.g. B3C2) 

B3^.firstChild^.prior 
(e.g. C1) will become the 

new B3^.firstChild 

notLastCh
ild(B3) 

Crossing the point 
B3^.lastChild 

^.prior (e.g. C5) 
with line segment 
B3B3^.lastChild 

(e.g. B3C6) 

B3^.lastChild^.prior (e.g. 
C5) will become the new 

B3^.lastChild 

beLastChil
d(B3) 

Crossing point 
B3^.lastChild 

^.next (e.g. C7) 
with extension of 

line segment 
B3B3^.lastChild 

(e.g. B3C6) 

B3^.lastChild^.next (e.g. 
C7)will become the new 

B3^.lastChild 

Table  1- List of possible events 
In the next section we present the algorithm working with the 
data structure to maintain the convex hull. 

4- KINETIC CONVEX HULL 
MAINTENANCE ALGORITHM 

The high-level pseudo code for this algorithm is given below. 
The code simulates NCHs maintenance and animates moving 
NCHs. Note that all links are implemented by pointers; each 
point has a pointer to next and previous points, and pointers 
to its firstChild and lastChild. With occurrence of each event 
these pointers are modified according to type of event. 

Algorithm Kinetic_Convex_Hull: 

            Input:     pointsArray[1..n]  

                              // Array of coordinates of input points 

                       simTime 

                              // The simulation time 

            Output:  moving convex hull of points 

Var 

      S: NCHs; 

      E: linked list of Events sorted by event time; 

      t, occurrenceTime: Time 

{ 

      S  createNCHs(pointsArray); 

      S  linkChilds(S);  

             // : for all points finds firstChild and lastChild points  

             // (if any)   

      E  scheduleAllEvents(S); 

             // For almost all points there will be 7 events  

             // according to definition in section 3-1. 

             // Exceptions are the points on innermost convex hull 

      t  getTime(); 
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      simTime  simTime + t; 

      occurrenceTime  E^.occurrenceTime; 

             // E^.occurrenceTime is the time of first event 

      while(occurrenceTime < simTime){ 

            draw S till time occurrenceTime; 

               // S has the same configuration during this time 

            applyFirstEvent(E, S); 

             // Applies the first event of list E. Applying this  

             //  event may change both E and S. Because of  

             // this, these two these parameters are called by  

             // reference and change their values in the  

             // function. The places of points of NCHs are updated  

             // and their related events in E are rescheduled.  

            E  E^.nextEvent;  // pointing E to next Event. 

            occurrenceTime  E ^.occurrenceTime; 

      } 

}  

5- CONCLUSIONS 

Using the framework defined in [8] we proposed an 
efficient algorithm using a direct approach. Because of 
the nature of convex hull, it is difficult to localize the 
problem. By using nested convex hulls we showed that 
each point’s motion may only change the status of 
some neighboring points, and as a result were able to 
eliminate many events and achieve efficiency.  
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Alternating Paths along Orthogonal Segments

Csaba D. T�oth1

toth@cs.ucsb.edu

Abstract

It was shown recently that in the segment endpoint visibil-

ity graph Vis(S) of any set S of n disjoint line segments in

the plane, there is an alternating path of length �(log n),

and this bound best possible apart from a constant factor.

This talk focuses on the variant of the problem where S

is a set of n disjoint axis-parallel line segments, and shows

that the length of a longest alternating path in the worst

case is 
(
p
n=2) and O(n=2 + 2).

1 Introduction

Given a set S of disjoint line segments in the plane,
an alternating paths is a simple polygonal path
p = (v1 v2; : : : ; vk) such that v2i�1v2i 2 S, i =
1; : : : ; bk=2c and v2iv2i+1 does not cross any segment
of S for i = 1; : : : ; b(k � 1)=2c.

It is known that there are sets of disjoint segments
that do not admit an alternating Hamiltonian path.
Ho�mann and T�oth [3] proved recently, answering a
question of Bose [1, 6], that for any set S of n dis-
joint line segments in the plane, there is an alternat-
ing path running through at least dlog2(n+ 2)e � 1
segments of S, and this bound is best possible apart
from a constant factor.

The O(log n) upper bound construction [6, 3] is a
set S of line segments arranged so that every seg-
ment s 2 S has two endpoints on the convex hull
conv(

S
S), and therefore any alternating path con-

taining segments from both sides of s should go
through s as well. In that construction n segments
have 
(n) di�erent orientations. If all segments are
axis-parallel, we can prove a better lower bound:

Theorem 1 For any set S of n disjoint axis-parallel
segments in the plane, there is an alternating path
running through

p
n=2 segments of S.

Restricting the general upper bound construction
to axis-parallel segments, we obtain an upper bound
of O(n=2 + 2) (see Fig. 1), which leaves room for
further improvements from below or from above.

1Department of Computer Science, University of California

at Santa Barbara, CA-93106.

Figure 1: Axis-parallel segments clipped to a disk.

2 Axis-parallel segments

We may assume that there are at least n=2 horizontal
segments in S. Let H , H � S, denote their set.
For two segments s 2 H and t 2 H , we say that s
supports t if there is an x-monotone and y-monotone
curve connecting a point of s to a point of t such that
it does not cross any segment of S. (This includes
the case where there is vertical visibility between s
and t.) We say that s � t i� there is a sequence
(s = s0; s1; s2; : : : ; sr = t) in H such that si supports
si+1, i = 0; 1; 2; : : : ; r�1 (Fig. 2). The relation � is a
partial order in H . (A similar order was used in [5]).

t

s

Figure 2: s � t.

By Dilworth's theorem [2], there is either (i) a chain
or (ii) an anti-chain of size

p
n=2 with respect to �.
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(We note that the size of the maximal chain and anti-
chain can be

p
n=2 simultaneously.) In either case,

we show that all segments in the chain or anti-chain
can be linked together in a common alternating path.
In case (i), let s1; s2; : : : ; sr be a sequence of r,

r �
p
n=2, segments of H such that each si supports

si+1. Denote the left and right endpoint of si by ai
and bi. Let 
(i), be the x- and y-monotone curve
connecting si and si+1 such that the two endpoints
of 
(i) are vi 2 si and wi 2 si+1 (�g. 2).

Figure 3: The initial paths �(i).

For every i, place a rubber band along the path
(aivi) [ 
(i) [ (wibi+1). Then let the rubber band
contract while its endpoints stay pinned down at ai
and bi+1 with the constraint that it cannot cross any
segment of S. The rubber band forms a polygonal
path �(i) through segment endpoints lying between
si and si+1 (Fig. 4). Notice that �(i) remain x- and
y-monotone.

Figure 4: Paths �(i) after one iteration.

Next, we expand recursively every �(i) into an al-
ternating path between si and si+1. We want to make
sure that the concatenation of the resulting r � 1 al-
ternating paths is also a simple alternating path, that
is, the r � 1 alternating paths are pairwise disjoint.
Consider a path �(i). If there is a segment ŝ which

has exactly one endpoint v(ŝ) with �(i), then we mod-

ify �(i) to go along ŝ and visit the second endpoint of
ŝ. We call this operation an expansion of �(i). The
expansion practically means that we pick the segment
of �(i) lying before or after the common vertex v(ŝ)
and pull the rubber band to the second endpoint of
ŝ with the constraint that it cannot cross any other
segment of S. We choose the directions of the ex-
pansion as follows: If ŝ is horizontal and lies on the
left (right) side of �(i) then we expand the segment
of �(i) above (below) v(ŝ). If ŝ is vertical and lies
on the left (right) side of �(i) then we expand the
segment of �(i) to the left (right) of v(ŝ) (see Fig. 4
and 5).

Figure 5: The resulting alternating path.

Inevitably, when we expand a segment of �(i) to
visit a second endpoint of ŝ, our path may hit other
segment endpoints between si and si+1. The choice
of directions of the expansion ensure that �(i) never
hits a segment endpoint that is already visited by
�(i) or a second endpoint of a segment whose one
endpoint is in �(i). We maintain two invariants:

1. Every piece of �(i) which does not lie along a
segment of S is x- and y-monotone;

2. If an ŝ has one common point v(ŝ) with �(i) and
lies on the left (right) of �(i), then v(ŝ) is its
right or lower (left or upper) endpoint.

One can show that repeating the expansion opera-
tion on the path �(i), we end up with r � 1 pairwise
disjoint alternating paths between the pairs (si; si+1).

In case (ii), note that any two segments in an anti-
chain are separated by a vertical line, therefore the
segments in the anti-chain have a linear left-to-right
order. Consider the r, r �

p
n=2, segments of an

anti-chain A = fs1; s2; : : : ; srg � H labeled accord-
ing to this order (Fig. 6). Denote the left and right
endpoint of each si by ai and bi.

Observe that si 6� si+1 and si 6� si+1 implies
that there is no x- and y-monotone curve between
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si and si+1 which avoids vertical segments but pos-
sibly crosses horizontal segments. Speci�cally, if the
y-coordinate of si is smaller than that of si+1, then
there is staircase (axis-parallel x- and y-monotone)
curve between bi and ai+1 whose every vertical seg-
ment is along a vertical segment of S (middle of
Fig. 6). Informally, this staircase curve blocks any
curve which would imply a relation si � si+1. (If the
y-coordinate of si is larger than that of si+1, there is
no speci�c condition.)

Figure 6: Linear oder in an anti-chain.

For every i, i = 1; 2; : : : t � 1, we connect bi and
ai+1 by a rubber band %(i): If bi is above ai+1 then
we �nd a monotone descending polygonal path that
can cross vertical segments but must avoid horizon-
tal segments. If bi is below ai+1 then consider the
polygonal staircase path from bi to ai+1 as described
above. In both cases, let us denote this polygonal
path by %(i) (dashed in Fig. 6).

Figure 7: The initial curve %(i) with monotone de-
scending visibility edges.

Recursively, at every intersection point of %(i) with
a vertical segment vw, we force the rubber band %(i)
to pass through v and w such that %(i) is ascending
along vw. In this way, we obtain a curve �(i) that
does not cross any segment of S and whose pieces not
lying along segments of S are x-monotone increasing
and y-monotone descending.

Finally, we expand recursively every �(i) into an al-
ternating path between bi and ai+1 using the similar
expanding operations as in case (i). Consider a seg-
ment ŝ 2 S with one common point v(ŝ) with �(i). If
ŝ is horizontal and lies on the left (right) side of �(i)
then we expand the segment of �(i) below (above)
v(ŝ). If ŝ is vertical and lies on the left (right) side of
�(i) then we expand the segment of �(i) the the left
(right) of v(ŝ) (Fig. 8).

Figure 8: Winding the rubber band around obstacles.

We can maintain similar invariants as in case (i)
(now, portions of �(i) not lying along segments of S
are monotone descending). One can show that the
expansion of �(i) does not touch any segment end-
point twice, every resulting path is simple. The in-
variants also ensure that all r�1 resulting alternating
paths are pairwise disjoint. This completes the proof
of Theorem 1.
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Table 1. Finding the set of facilities that serve all the customers
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Figure 1. Connecting the base stations
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Table 2. Summary of experimental results
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1 Introduction

Nearly all Internet search engines use term matching to create a list of hits and rank the query results. Normally
this yields satisfying results. But when a user seeks for “ruins in Eastern Greece” or “castles near Paris”, standard
search engines are less appropriate. The problem is that concepts like “Eastern Greece” and “near Paris” use a spatial
relationship with respect to a geographical object, and the terms “Eastern” and “near” themselves are not relevant for
term matching. Such problems have lead to research on geographic information retrieval [7, 8]. Addressing spatial
searches on the Internet and building a spatially-aware search engine is the focus of the SPIRIT project [6]. By using
geometric footprints associated to Web pages, geographic ontologies, methods to determine spatial relationships, and
query expansion, spatial searches can most likely be performed much better.

Figure 1: Three partitions of Austria by compass directions.

In this paper we address the problem of dividing a country into four subregions by compass directions (NEWS:
North, East, West, South). This is one of the aspects of the SPIRIT project, namely to define and compute spatial rela-
tionships that are needed in spatial information retrieval. The partitioning is also useful in geographic user interfaces,
where the user can select a region of interest by clicking in the partitioning of the region. The regions of interest, like
“the South of Austria”, do not have a well-defined boundary, but are used in a more loose sense. This fuzziness of
geographic objects due to language issues is well-known [3, 11]. Spatial relationships between two geographic objects
that describe proximity or relative position are discussed in [1, 9].

In order to compute a good NEWS partition, we describe an algorithm to determine — for a simple polygon P
and a positive real A — all wedges with a given angle and orientation that contain exactly area A of P. We solve
the standard version of the wedge problem in optimal O�n 2� time, and the version where the wedge is restricted to
its simply-connected part inside P in O�n logn� time. However, the corresponding NEWS partitions are computed in
O�n logn� time in both cases.

Related in computational geometry is research on area partitionings and continuous ham-sandwich cuts of poly-
gons [2, 5]. Shermer [10] shows how to partition a simple polygon by a vertical line in two equal-area halves in linear
time. Dı́az and O’Rourke show in [4] how to partition a convex polygon into equal-size parts using an orthogonal
four-partition.

�This research is supported by the EU-IST Project No. IST-2001-35047 (SPIRIT).
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2 Criteria for a good NEWS partition

There are many criteria one can use to partition a country into four regions by compass directions. Some criteria are
especially relevant for the application in query answering of geographic information retrieval whereas others apply
more to geographic user interfaces. We list the most important criteria next:

� the relative orientation of any two points should be conserved (no point in North should be farther to the South
than any point in South)

� regions should be non-overlapping but adjacent
� all regions should have the same proportion of the area

The first criterion is essential because is contains the essence of the compass directions. The other criteria seem
especially important for the user interface application. We would like to develop a simple, efficient algorithm which
works well for most countries. With the criteria in mind, certain algorithmic problems can be formulated to find a
NEWS partition of a country. They are stated in the following three suggestions. The partitionings for these sugges-
tions are shown in Figure 1.

Suggestion 1 Compute the center of gravity of the polygon and draw two lines with slope �1 and �1 through this
point.

Suggestion 2 Use horizontal and vertical lines to iteratively cut the polygon into four regions which each cover 25%
of the polygon’s area.

Suggestion 3 Divide the polygon into four equal-size regions such that the sum

�� disty�CN �CP��disty�CS�CP��distx�CE �CP��distx�CW �CP�

is maximized. Here CP denotes the center of gravity of polygon P, and CN �CE �CW �CS denote the centers of
gravity of the North, East, West, and South region. dist x and disty denote the distance by x-coordinate and by
y-coordinate.

The center of gravity in Suggestion 1 can be computed in linear time. For Suggestion 2, we let the x- and y-extent
determine whether we first split by horizontal or vertical lines. We can apply the algorithm of Shermer [10] three
times, which gives a linear time solution.

In this paper, we will focus on finding a NEWS partitioning by an algorithm following the last suggestion. For
now we will consider only the more general setting of partitioning the polygon into not necessarily simply connected
NEWS regions. We will prove that a NEWS partitioning by Suggestion 3 can only lead to a partitioning with a shape
described in Lemma 1.

We will denote with a construction made of a vertical line in the middle and two lines with slope �1 and �1 at
the top and at the bottom. Similarly, we denote with the rotated shape with a horizontal line as middle part. We
call the nodes where the three segments meet the focal points. In a partitioning, we have a West and an East focal
point. In a partitioning, we have a North and a South focal point.

Lemma 1 If an arbitrary simple polygon P is divided into four (not necessarily connected) parts, such that each
part covers exactly 25% of the polygon’s area and the sum � � dist y�CN �CP� � disty�CS�CP� � distx�CE �CP� �
distx�CW �CP� is maximized, then it has inner boundaries shaped or . Here CP denotes the center of gravity
of P,and CN �CE �CW �CS denote the centers of gravity of the NEWS regions. Furthermore, the partitioning is unique.

3 NEWS partitions with arbitrary regions

In this section we give an algorithm to compute all wedges with fixed angle and orientation that contain a given area
A. We also show how to compute a NEWS partitioning of a simple polygon following Suggestion 3.

Definition 1 For a simple polygon P, we call a wedge of the form �y� x�a�� �y��x�b� that contains 25% of the
area of P a North-wedge of P. East-, South-, and West-wedges are defined similarly.
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Definition 2 The North-trace is the locus of all points that are apex of a North-wedge. East-, South-, and West-traces
are defined similarly.

The outline of an algorithm to compute a NEWS partitioning according to Suggestion 3 is as follows:

1. Compute the East-trace TE and the West-trace TW of polygon P.
2. Scan TE and TW simultaneously from top to bottom, to determine if there is a pair of points p E � TE and

pW � TW with the same y-coordinate and pE to the right of pW (or coinciding) and which gives a North area
of 25% of P.

3. If such a pair exists, return the partitioning.
4. Otherwise, compute the partitioning similarly.

The algorithm can be implemented to run in O�n 2� time, which will be shown next. For convenience, we rotate
the polygon by 45 degrees, so that a West-wedge is now a quadrant of the form �x� a�� �y� b�.

Lemma 2 After rotation, the West-trace is an infinite, continuous, piecewise quadratic curve consisting of Θ�n 2�
pieces in the worst case, and any line with positive slope intersects it only once.

We now describe the sweep algorithm that computes the West-trace for the rotated polygon. Since the algorithm
is the same for any fixed area of P inside the wedge, we set A � Area�P��4 and give an algorithm to compute all
West-wedge positions that have area A inside the intersection of P and the wedge.

We initialize by computing a vertical line that has area A left of it. Then we determine the highest point of P left of
or on this vertical line. The highest point is the first break point p 0 of the trace. The initial part of the trace is a vertical
half-line down to p0. We initialize two lists Lx and Ly with all vertices of P sorted on increasing x- and decreasing
y-coordinate, starting at p0. During the sweep we maintain: a balanced binary search tree T on the edges of P that
intersect the sweep line, the leaf in T that stores the edge of P vertically below the current position of the trace, and
the equation of the currently valid curve. The leaves of T are linked into a list. One of three event-types can occur:

1. The vertical line through the current position of the trace (the sweep line) reaches a vertex of P.
2. The horizontal line through the current position of the trace reaches a vertex of P.
3. The trace reaches the boundary of P.

The next event can be determined in O�1� time from the equation of the curve, the first element in each list, and the
edges of P above and below the current position. An event of type 1 requires an update of T and possibly the pointer
to the leaf with the edge below the trace. If the vertex of P is below the position of the trace, we output the next break
point and update the equation of the curve. For the second and third type of event similar actions are taken. Note that
the sweep also continues if the position of the trace goes outside P. Later it may enter P again. We conclude:

Theorem 1 Given a simple polygon P with n vertices and a value A, the set of all positions of apexes of wedges with
a fixed shape and orientation that contain a portion of area A of P inside can be computed in optimal O�n 2� time.

Completing the NEWS partitioning by step 2 takes O�n2� time, so we can compute a NEWS partitioning for
Suggestion 3 in O�n2� time. Actually the running time for computing a trace is O�n logn�k�, where k is the complexity
of the trace. In practice k will be much less than quadratic, so the algorithm is efficient on real world data.

We can improve this result to a worst case O�n logn� time algorithm. We do not compute the whole traces.
Instead we determine by binary search and an adaptation of Shermer’s algorithm [10] the two vertices of P that have
consecutive �x� y�-values of their coordinates, and the partitioning has its focal points at some �x� y�-value in
between. Here we can compute the West- and East-trace explicitly by the sweep described above. Now we have at
most O�n� events of type 3.

Theorem 2 Given a simple polygon P with n vertices, we can determine a partitioning by or where each region
contains exactly 25% of the area in O�n logn� time. The partitioning maximizes the sum of distances of centers of
gravity�� disty�CN �CP��disty�CS�CP��distx�CE �CP��distx�CW �CP�.
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4 Extensions

The three suggestions for partitioning algorithms have been implemented (see Figure 1). The results for ten different
country outlines can be found in [12].

The idea of partitioning a simple polygon into four equal-size not necessarily simply-connected parts, while maxi-
mizing the sum-of-center-of-gravity distances immediately generalizes to polygons that are not simply connected. The
following extensions have been studied more thoroughly, see [12]:

Fair partitioning: Find a simply-connected partition into four regions by or such that each region has 25% of
the area, or decide that no such partition exists.

Maxmin: Find a simply-connected partition by or that maximizes the area of the smallest region.
Minmax: Find a simply-connected partition by or that minimizes the area of the largest region.

The fair partitioning uses a modified version of the sweep algorithm. Because of the simply-connectedness of the
partition itself we can show the following:

Theorem 3 For a simple polygon P with n vertices, we can determine in O�n logn� time if there exists a simply-
connected or partitioning into four simply-connected regions that all have 25% of P’s area.

For the Maxmin and Minmax partitioning the following holds:

Theorem 4 For a simple polygon P with n vertices, we can compute a simply-connected and partitioning that
minimizes the maximum area subregion or maximizes the minimum area subregion in O�n 3� time.

Another extension is to define a center region of a country as well. By restating Suggestion 3 as partitioning a
polygon into five regions, each with 20% of the area and applying the same proof ideas, we can show that the center
is an axis-parallel rectangle and the other boundaries are lines with slope �1 or �1. It can also be useful to define a
degree of North, East, West and South. This could be done simply by coordinates or by growing the center region of
the polygon.
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Signi�cant-Presence Range Queries in Categorical Data
(extended abstract)

Mark de Berg� Herman J. Haverkorty

Abstract

In traditional colored range-searching problems, one wants to store a set of n objects with

m distinct colors for the following queries: report all colors such that there is at least one

one object of that color intersecting the query range. Such an object, however, could be an

`outlier' in its color class. Therefore we consider a variant of this problem where one has to

report only those colors such that at least a fraction � of the objects of that color intersects

the query range, for some parameter � . We present eÆcient data structures for such queries

with orthogonal query ranges in sets of colored points, and for point stabbing queries in sets

of colored rectangles.

1 Introduction

Motivation. The range-searching problem is one of the most fundamental problem in compu-
tational geometry. In this problem we wish to construct a data structure on a set S of objects
in R

d , such that we can quickly decide for a query range which of the input objects it inter-
sects. The range-searching problem comes in many 
avors, depending on the type of objects in
the input set S, on the type of allowed query ranges, and on the required output (whether one
wants to report all intersected objects, to count the number of intersected objects, etc.). The
range-searching problem is not only interesting because it is such a fundamental problem, but also
because it arises in numerous applications in areas like databases, computer graphics, geographic
information systems, and virtual reality. Hence, it is not surprising that there is an enormous
literature on the subject|see for instance the surveys by Agarwal [1], Agarwal and Erickson [2],
and Nievergelt and Widmayer [4].

In this paper, we are interested in range searching in the context of databases. Here one
typically wants to be able to answer questions like: given a database of customers, report all
customers whose ages are between 20 and 30, and whose income is between $50,000 and $75,000.
In this example, the customers can be represented as points in R

2 , and the query range is an
axis-parallel rectangle.1 This is called the (planar) orthogonal range-searching problem, and it has
been studied extensively.

There are situations, however, where the data points are not all of the same type but fall into
di�erent categories. Suppose, for instance, that we have a database of stocks. Each stock falls into
a certain category, namely the industry sector it belongs to|it, energy, banking, food, chemicals,
etc. Then it can be interesting for an analyst to get answers to questions like: \In which sectors
companies had a 10{20% increase in their stock values over the past year?" In this simple example,
the input data can be seen as points in 1D (namely for each stock its increase in value), and the
query is a one-dimensional orthogonal range-searching query.

Now we are no longer interested in reporting all the points in the range, but only the categories
that have points in the range. This means that we would like to have a data structure whose
query time is not sensitive to the total number of points in the range, but to the total number of

�Department of Computer Science, TU Eindhoven, P.O.Box 513, 5600 MB Eindhoven, the Netherlands.
yInstitute of Information and Computing Science, Utrecht University, P.O.Box 80.089, 3508 TB Utrecht, the

Netherlands. The work by H.H. is supported by the Netherlands' Organization for Scienti�c Research (NWO).
1From now on, whenever we use terms like \rectangle" or \box" we implicitly assume these are axis-parallel.
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categories in the range. This can be achieved by building a suitable data structure for each category
separately, but this is ineÆcient if the number of categories is large. This has led researchers to
study so-called colored range-searching problems : store a given set of colored objects|the color
of an object represents its category|such that one can eÆciently report those colors that have at
least one object intersecting a query range [3, 5, 6].

We believe, however, that this is not always the correct abstracted version of the range-
searching problem in categorical data. Consider for instance the stock example sketched earlier.
The standard colored range-searching data structures would report all sectors that have at least

one company whose increase in stock value lies in the query range. But this does not necessarily
say anything about how the sector is performing: a given sector could be doing very badly in
general, but contain a single `outlier' whose performance has been good. It is much more natural
to ask for all sectors for which most stocks, or at least a signi�cant portion of them, had their
values increase in a certain way. Therefore we propose a di�erent version of the colored range-
searching problem: given a �xed threshold parameter � , with 0 < � < 1, we wish to report all
colors such that at least a fraction � of the objects of that color intersect the query range. We call
this a signi�cant-presence query, as opposed to the standard presence query that has been studied
before. (We also have some results on the case where � is not �xed beforehand, but part of the
query. Due to lack of space, these results are omitted.)

Problem statement and results. We study signi�cant-presence queries in categorical data in
two settings: orthogonal range searching where the data is a set of colored points in Rd and the
query is a box, and stabbing queries where the data is a set of colored boxes in Rd and the query
is a point. In this extended abstract, we only discuss our results on orthogonal range searching.
We also omit several of the proofs.

Let S = S1 [ � � � [ Sm be a set of n points in Rd , where m is the number of di�erent colors
and Si is the subset of points of color class i. Let � be a �xed parameter with 0 < � < 1. We are
interested in answering signi�cant-presence queries on S: given a query box Q, report all colors i
such that jQ\Sij � � �jSij. For d = 1, we present a data structure that uses O(n) storage, and that
can answer signi�cant-presence queries in O(logn + k) time, where k is the number of reported
colors. Unfortunately, for d � 2, we have not been able to design a data structure using near-linear
storage with logarithmic query time for this problem. As a data structure with quadratic or more
storage is prohibitive in practice, we study an approximate version of the problem. More precisely,
we study "-approximate signi�cant-presence queries : here we are required to report all colors i
with jQ\Sij � � � jSij, but we are also allowed to report colors with jQ\Sij � (1�")� � jSij, where
" is a �xed positive constant. For such queries we have developed a data structure that uses only
O((1=(�")2d�1m)1+Æ) storage, for any Æ > 0, and that can answer queries in O(logn + k) time,
where k is the number of reported colors. Note that the amount of storage does not depend on n,
the total number of points, but only on m, the number of colors. This should be compared to the
results for the previously considered case of presence queries on colored points sets. Here the best
known results are: O(n) storage with O(logn + k) query time for d = 1 [6], O(n log2 n) storage
with O(log n+ k) query time for d = 2 [6], O(n log4 n) storage with O(log2 n+ k) query time for
d = 3 [5], and O(n1+Æ) storage with O(logn+ k) query time for d � 4 [3]. Note that these bounds
all depend on n, the total number of points; this is of course to be expected, since these results
are all on the exact problem, whereas we allow ourselves approximate answers.

2 Orthogonal range queries

One of the diÆculties in signi�cant-presence queries is that the problem is not readily decom-
posable: we cannot decide whether a color is signi�cantly present in a range Q if we just know
whether or not certain subsets of that color are signi�cantly present in Q. In this respect, standard
presence queries are easier: a color is present in Q i� a subset of that color is present in Q. Hence,
our approach is to �rst reduce signi�cant-presence queries to standard presence queries. We do
this by introducing so-called test sets.
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Test sets for orthogonal range queries Let S be a set of n points in Rd , and let � be a �xed
parameter with 0 < � < 1. A set T of boxes|that is, axis-parallel hyperrectangles|is called a
� -test set for S if the following holds:
� any box from T contains at least �n points from S;
� any query box Q that contains at least �n points from S fully contains at least one box from T .

This means that we can answer a signi�cant-presence query on S by answering a presence query
on T : a query box Q contains at least �n points from S if and only if it contains at least one box
from T . We did not yet reduce the problem to a standard presence-query problem, because T
contains boxes instead of points. However, we can map the set T of boxes in Rd to a set of points
in Reals2d, and the query box Q to a box in R2d , in such a way that a box b 2 T is fully contained
in Q if and only if its corresponding point in Reals2d is contained in the transformed query box.2

This means we can apply the results from the standard presence queries on colored point sets.
It remains to �nd small test sets. As it turns out, this is not possible in general: below we

show that there are point sets that do not admit test sets of near-linear size. Hence, after studying
the case of exact test sets, we will turn our attention to approximate test sets.

Exact test sets. It is easy to see that any minimal box containing at least �n points from
S|that is, any box b containing at least �n points from S such that there is no box b0 6= b with
b0 � b and containing �n or more points|must be a box in T , and that the collection of all such
minimal boxes forms a � -test set. Hence, the smallest possible test set consists exactly of these
minimal boxes. In the 1-dimensional case a box is a segment, and a minimal segment is uniquely
de�ned by the point from S that is its left endpoint. This means that any set of n points on the
real line has a test set of size (1 � �)n + 1. Unfortunately, the size of test sets increases rapidly
with the dimension, as the next lemma shows.

Lemma 2.1 For any set S of n points in Rd , there is a � -test set of size O(�d�1n2d�1). Moreover,
there are sets S for which any � -test set has size 
(�d�1n2d�1). (proof omitted from this abstract)

Approximate test sets. The worst-case bound from Lemma 2.1 is quite disappointing. There-
fore we now turn our attention to approximate test sets: a set T of boxes is called an "-approximate

� -test set for a set S of n points if
� any box from T contains at least (1� ")�n points from S;
� any query box Q that contains at least �n points from S fully contains at least one box from T .

This means we can answer "-approximate signi�cant-presence queries on S by answering a presence
query on T .

Lemma 2.2 For any set S of n points in R
d (d > 1) and any " with 0 < " < 1=2, there is an

"-approximate � -test set of size (2d� 1)2d�1=("2d�1�2d�2). Moreover, there are sets S for which
any "-approximate � -test set has size 
((1=")2d�1(1=�)d).

Proof. We will prove an upper bound of ((2d � 1)=("�))2d�1 here; an improvement of a factor �
can be attained with a divide-and-conquer variation of the construction described below. Due to
lack of space, we omit the details of the divide-and-conquer approach from this extended abstract.

To prove the upper bound of ((2d � 1)=("�))2d�1, we proceed as follows. We construct a
collection H1 of (2d�1)=("�) hyperplanes orthogonal to the x1-axis, such that there are "�n=(2d�
1) points of S between any pair of consecutive hyperplanes.3 We do the same for the other axes,
obtaining sets H2; : : : ; Hd of hyperplanes. From these collections of hyperplanes we construct
our test set as follows. Take any possible subset H� of 2d � 1 hyperplanes from H1 [ � � � [ Hd

such that H1 up to Hd�1 each contribute exactly two hyperplanes to H�, and Hd contributes one
hyperplane. Let b(H�) be the smallest box that is bounded by the hyperplanes from H�, contains

2In fact, the transformed box is unbounded to one side along each coordinate-axis, so it is a d-dimensional
`octant'.

3If there are more points with the same x1-coordinate, we have to be a bit careful. The details are omitted from
this extended abstract.
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exactly (1�")�n points from S, and lies above the hyperplane we picked from Hd. If b(H
�) exists,

we add it to our test set T . Clearly, the size of T is at most ((2d� 1)=("�))2d�1.
We now argue that T is an "-approximate � -test set for S. By construction, every box in

T contains at least (1 � ")�n points, so it remains to show that every box Q that contains at
least �n points from S fully contains at least one box from T . To see this, observe that for

any i with 1 � i � d, there must be a hyperplane h
(i)
1 2 Hi that intersects Q and has at

most "�n=(2d � 1) points from Q \ S `below' it. Similarly, there is a hyperplane h
(i)
2 2 Hi

intersecting Q with at most "�n=(2d� 1) points from Q\S `above' it. Note that h
(i)
2 6= h

(i)
1 . Now

consider the box b bounded by the hyperplanes in the set H� := fh
(1)
1 ; h

(1)
2 ; : : : ; h

(d�1)
1 ; h

(d�1)
2 ; h

(d)
1 g

and unbounded in the positive xd-direction. The number of points from S in b \ Q is at least
jQ\Sj � (2d� 1) � "�n=(2d� 1) � (1� ")�n: Hence, the box b(H�) 2 T is not larger than b\Q
and, hence, it is contained in Q.

The lower-bound construction is omitted in this extended abstract. �

Putting it all together. To summarize, the construction of our data structure for "-approximate
signi�cant-presence queries on S = S1 [ � � � [ Sm is as follows. We construct an "-approximate
� -test set Ti for each color class Si. This gives us a collection of O(1=("2d�1�2d�2)m) boxes in Rd .
We map these boxes to a set P of colored points in R2d , and construct a data structure for the
standard colored range-searching problem (that is, presence queries) on P , using the techniques
of Agarwal et al. [3]. Their structure was designed for searching on a grid, but using the standard
trick of normalization|replace every coordinate by its rank, and transform the query box to a
box in this new search space in O(log n) time before running the query algorithm|we can employ
their results in our setting.

The same technique works for exact queries, if we use exact test sets. This gives a good result
for d = 1, if we use the results from Gupta et al. [5] on quadrant range searching.

Theorem 2.1 Let S = S1 [ � � � [ Sm be a colored point set in Rd , and � a �xed constant with
0 < � < 1. For d = 1, there is a data structure that uses O(n) storage such that exact signi�cant-
presence queries can be answered in O(log n+ k) time, where k is the number of reported colors.
For d > 1, there is, for any " with 0 < " < 1=2 and any Æ > 0, a data structure for S that uses
O((1=("2d�1�2d�2)m)1+Æ) storage such that "-approximate signi�cant-presence queries on S can
be answered in O(log n+ k) time.

Acknowledgements We thank Joachim Gudmundsson and Jan Vahrenhold for inspiring dis-
cussions about the contents of this paper.
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